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1
Harrington 1997 Harrington’s conservation theorem
1 1 $\sigma$ WKLo $\vdash\sigma\Rightarrow$ RCAo $\vdash\sigma$
(
[4,5] )
Avigad([l]) cut elimination theorem
2008 F. Ferreira G. Ferreira([2])
Ferreira Fan theorem
Harrington
F. Ferreira G. Ferreira
$\Sigma_{1}^{0}$- Harrington
2 $RCA_{0}^{-},$ $RCA_{0},$ $WKL_{0},$ $\Sigma_{1^{-}}^{0}SP$
2 $RCA_{0}^{-},$ $\cdot RCA_{0},$ $WKL_{0},$ $\Sigma_{1}^{0_{-}}$SP $0$ ,
$=$ $\leq$
3
1. $\Sigma_{n}^{0}$- $(n=0,1,2, \ldots)$
$\varphi(0)\wedge\forall x(\varphi(x)arrow\varphi(x+1))arrow\forall x\varphi(x)$
$\varphi(x)$ $\Sigma_{n}^{0}$-
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2. $\Delta_{n}^{0}$- $(n=0,1,2, \ldots)$
$\forall x(\varphi(x)rightarrow\psi(x))arrow\exists X\forall x(x\in Xrightarrow\varphi(x))$
$\varphi(x)$ $\Sigma_{n}^{0}$- $\psi(x)$ $\Pi_{n}^{0}$-
3. $\Sigma_{n}^{0}$- $(n=0,1,2, \ldots)$
$\forall x(\varphi(x)arrow\psi(x))arrow\exists X\forall x[(\varphi(x)arrow x\in X)\wedge(x\in Xarrow\psi(x))]$
$\varphi(x)$ $\Sigma_{n}^{0}$- $\psi(x)$ $\Pi_{n}^{0}$-
4.
2 path ( $WKL_{0}$ ).
4 $RCA_{0}^{-}$ $=$ $\leq$
$\Sigma_{1}^{0}$- $\triangle_{0}^{0}$-
5 RCAo, $WKL_{0},$ $\Sigma_{1^{-}}^{0}SP$
1. $RCA_{0}$ $:=RCA_{0}^{-}+\triangle_{1}^{0}$-






7 (bounded collection $B\Sigma_{1}^{0}$ ) $\triangle_{0}^{0}$ - ( $=$ bounded formula) $\varphi(x, y)$
$RCA_{0}^{-}\vdash\forall x\leq a\exists y\varphi(x, y)arrow\exists z\forall x\leq a\exists y\leq z\varphi(x, y)$.
$RCA_{0}^{-}$ $I\Sigma_{1}^{0}$ (cf. [3])
$RCA_{0}^{-}$ $\varphi(X)$ $\triangle_{0}^{0}$- $\forall X\varphi(X)$ $\triangle_{0}^{0}$-
15
8 $p_{x}$ $x$ $x$
$(a)_{\iota},$ $\ln(a)$ $s\in\{0,1\}^{a}$
$(a)_{x}$ $=$ $\mu z\leq a(p_{x}^{z}|a\wedge p_{x}^{z+1}\parallel a)$




$\forall s\in\{0,1\}^{a}\varphi(s)$ $\exists s\in\{0,1\}^{a}\varphi(s)$ $\triangle_{0}^{0}$-
9 $RCA0-\vdash\forall y\exists s\in\{0,1\}^{y}\forall x<y[x\in Arightarrow(s)_{x}=0]$
$RCA_{0}^{-}$ $\triangle_{0}^{0}$ $a$ $\Sigma_{1}^{0}$-
$\exists s\in\{0,1\}^{a}\forall x<a[x\in\Lambdarightarrow(s)_{x}=0]$
$a=0$ $a$ $a+1$
$\forall x<a[x\in Arightarrow(s)_{x}=0]$ $S\in\{0,1\}^{a}$
$a\in A$ $s’=( \prod_{x<a}p_{x}^{(s)_{x}})\cdot p_{a}^{0+1}$ $s’\in\{0,1\}^{a+1}\wedge$
$\forall x<a+1[x\in Arightarrow(s’)_{x}=0]$ . $\exists s’\in\{0,1\}^{a+1}\forall x<a+1[x\in Arightarrow(s’)_{x}=0]$ .
$a\not\in A$ $s’=( \prod_{x<a}p_{x}^{(s)_{x}})\cdot p_{a}^{1+1}$ $a\in A$
$\exists s’\in\{0,1\}^{a+1}\forall x<a+1[x\in Arightarrow(s’)_{x}=0]$
$\exists s’\in\{0,1\}^{a+1}\forall x<a+1[x\in Arightarrow(s’)_{x}=0]$ $RCA_{0}^{-}$
10 $\varphi(\overline{a}, A)$ $\Delta_{0}^{0}$ - $\sim$ 1 $A$ 2
$\forall s\in\{0,1\}^{t_{\varphi}(\overline{a})}[\forall x<t_{\varphi}(\overline{a})(x\in Arightarrow(s)_{x}=0)arrow(\varphi(\overline{a}, A)rightarrow\varphi^{*}(\overline{a}, s))]$





(1) $\varphi(\overline{(\iota}, A)$ $t(\overline{a})\in A$ $t_{\varphi}(\overline{a}):=t(\overline{a})+1$ .
(2) $\varphi(\overline{a}, A)$ $A$ $t_{\varphi}(\overline{a}):=0$.
(3) $\varphi(\overline{a}, A)$ $\neg\psi(\overline{a}, A)$ $t_{\varphi}(\overline{a}):=t_{V},(\overline{a})$ .
(4) $\varphi(\overline{a}, A)$ $\psi_{1}(\overline{a}, \Lambda)0\psi_{2}(\overline{a}, A)$ $0$ $\wedge,$ $\vee$ $arrow$ .
$t_{\varphi}(\overline{a}):=t_{\psi_{1}}(\overline{a})+t_{\psi_{2}}(\overline{a})$ .
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(5) $\varphi(\overline{a}, A)$ $Qy\leq s\psi(y,\overline{a}, A)$ $Q$ $\forall$ $\exists$ .
$t_{\varphi}( \overline{a}):=\sum_{y\leq s}t_{\psi}(y,\overline{a})$ .
(5) $RCA_{0}^{-}\vdash y\leq sarrow t_{\psi}(y_{)}\overline{a})\leq t_{\varphi}(\overline{a})$
$RCA_{0}^{-}\vdash\forall x<t_{\varphi}(\overline{a})(x\in Arightarrow(s)_{x}=0)\wedge y\leq sarrow\forall x<t_{\psi}(y,\overline{a})(x\in Arightarrow(s)_{x}=0)$
11 $\varphi(\overline{a}, A)$ $\triangle_{0}^{0}$ - $\overline{a}$ 1 $A$ 2
$RCA_{0}^{-}\vdash\forall X\varphi(\overline{a}, X)rightarrow\forall s\in\{0,1\}^{t_{\varphi}(\overline{a})}\varphi^{*}(\overline{a}, s)$
$t_{\varphi}(\overline{a})$ 10 $\varphi(\overline{a}, A)$
$RCA_{0}^{-}$ $\forall s\in\{0,1\}^{t_{\varphi}(\overline{a})}\varphi^{*}(\overline{a}, s)arrow\varphi(\overline{a}, A)$
10
$s\in\{0,1\}^{t_{\varphi}(\overline{a})}\wedge\forall x<t_{\varphi}(\overline{a})(x\in Arightarrow(s)_{x}=0)\wedge\varphi^{*}(\overline{a}, s)arrow\varphi(\overline{a}, A)$
9 $\exists s\in\{0,1\}^{t_{\varphi}(\overline{a})}\forall x<t_{\varphi}(\overline{a})[x\in Arightarrow(s)_{x}=0]$
$\forall X\varphi(\overline{a}, A)arrow\forall s\in\{0,1\}^{t_{\varphi}(\overline{a})}\varphi^{*}(\overline{a}, s)$ 10
$s\in\{0,1\}^{t_{\varphi}(\overline{a})}\wedge\forall x<t_{\varphi}(\overline{a})(x\in Arightarrow(s)_{x}=0)\wedge\varphi(\overline{a}, A)arrow\varphi^{*}(\overline{a}, s)$
$\triangle_{0}^{0}$- $\exists X\forall x<t_{\varphi}(\overline{a})(x\in Xrightarrow(s)_{x}=0)$
4 F. Ferreira G. Ferreira
12 one-side LK $LK_{RCA_{0}^{-}}$








( $a$ $S$ $\varphi(a)$ $\Sigma_{1}^{0}$- )
13 LKRC$\sim$ $(\Sigma_{1}^{0}-SP)^{R}$ $LK_{\Sigma_{1}^{0}-SP}$
$\frac{\Gamma,\varphi(a)arrow\psi(a)\Gamma,\neg\forall x[(\varphi(x)arrow x\in A)\wedge(x\in Aarrow\psi(x))]}{\Gamma}(\Sigma_{1}^{0}-SP)^{R}$
$\varphi(x)$ $\Sigma_{1}^{0}$- $\psi(x)$ $\Pi_{1}^{0}$ $a$ $\Gamma$ $A$
$\Gamma,$ $\varphi(x),$ $\psi(x)$
14 (Cut elimination theorem) $LK_{RCA_{0}^{-}}(LK_{\Sigma_{1}^{0}-SP})$
2 cut- $\Sigma_{1}^{0}$ - cut
$LK_{RCA_{0}^{-}}(LK_{\Sigma_{1}^{0}-SP})$
15 (F. Ferreira G. Ferreira ) $LK_{RCA_{0}^{-}}$ $(*)$





(2) $\varphi_{1}(w_{1},\overline{A}),$ $\ldots,$ $\varphi_{n}(w_{n},\overline{A})$ $\psi_{1}(y_{1},\overline{A}),$ $\ldots,$ $\psi_{m}(y_{m},\overline{A})$ $\Sigma_{0}^{0}$ -
(3) $\Gamma$ $\Sigma_{1}^{0}$ - $\Pi_{1}^{0}$ - 1
(4) $\overline{A}$ $\Gamma$ 2 special pammeter
sequent $LK_{RCA_{0}^{-}}$



















$\Gamma_{1},\forall w\exists v\forall\overline{X}[\varphi(w,\overline{X})\vee\exists y\leq v\psi(y,\overline{X})\vee\theta_{i}(\overline{X})]$
$i=1,2$ . sequent $LK_{RCA_{0}^{-}}$
$\Gamma_{1},\forall w\exists v\forall\overline{X}[\varphi(w,\overline{X})\vee\exists y\leq v\psi(y,\overline{X})\vee(\theta_{1}(\overline{X})\wedge\theta_{2}(\overline{X}))]$
(2) $I$ :




$\Gamma_{1},$ $\forall w\exists v\forall\overline{X}[\varphi(w,\overline{X})\vee\exists y\leq v’\psi(y,\overline{X})\vee\theta_{1}(\overline{X})]$
sequent $LK_{RCA_{0}^{-}}$
$\Gamma_{1},\forall w\exists v\forall\overline{X}[\varphi(w,\overline{X})\vee\exists y\leq v\psi(y,\overline{X})\vee(\theta_{1}(\overline{X})\vee\theta_{2}(\overline{X}))]$
(3) $I$ :
$\frac{\Gamma_{1},\forall w\varphi(w,\overline{A}),\exists y\psi(y,\overline{A}),\theta(a)}{\Gamma_{1},\forall w\varphi(w,\overline{A}),\exists y\psi(y,\overline{A}),\forall x\theta(x)}$
$\overline{A}$ special parameter.
$\theta(x)$ $\Sigma_{1}^{0}$- $\theta(x)$ $\Sigma_{1}^{0}$
[Case 1] $\forall x\theta(x,\overline{A})$ $\triangle_{0}^{0}$- $\forall x\leq t\theta_{0}(x,\overline{A})$ , $\forall x(x\not\leq t\vee\theta_{0}(x,\overline{A}))$
$\theta_{0}(x,\overline{A})$
sequent $LK_{RCA_{0}^{-}}$
$\Gamma_{1},\forall w\exists v\forall\overline{X}[\varphi(w,\overline{X})\vee\exists y\leq v\psi(y_{\dot{}}\overline{X})\vee a\not\leq t\vee\theta_{0}(a,\overline{X})]$
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sequent
$\Gamma_{1},$ $\forall x\leq t\exists v\forall\overline{X}[\varphi(w,\overline{X})\vee\exists y\leq v\psi(y,\overline{X})\vee\theta_{0}(x,\overline{X})]$
11 $\forall\overline{X}[\varphi(w,\overline{X})\vee\exists y\leq v\psi(y,\overline{X})\vee\theta_{0}(\tau_{\ovalbox{\tt\small REJECT}},\overline{X})]$ $\triangle_{0}^{0}$-
7 $B\Sigma_{1}^{0}$ sequent
$\Gamma_{1},$ $\exists u\forall x\leq t\exists v\leq u\forall\overline{X}[\varphi(w,\overline{X})\vee\exists y\leq v\psi(y,\overline{X})\vee\theta_{0}(x,\overline{X})]$
sequent sequent
$\Gamma_{1},$ $\forall w\exists v\forall x\leq t\forall\overline{X}[\varphi(w,\overline{X})\vee\exists y\leq v\psi(y,\overline{X})\vee\theta_{0}(x,\overline{X})]$
sequent
$\Gamma_{1},$ $\forall w\exists v\forall\overline{X}[\varphi(w,\overline{X})\vee\exists y\leq v\psi(y,\overline{X})\vee\forall x\leq t\theta_{0}(x,\overline{X})]$





$\Gamma_{1},\forall w\exists v\forall\overline{X}[\varphi(w,\overline{X})\vee\exists y\leq v\psi(y,\overline{X})\vee\theta(a,\overline{X})|$
sequent
$\Gamma_{1},$ $\forall x\forall w\exists v\forall\overline{X}[\varphi(w,\overline{X})\vee\exists y\leq v\psi(y,\overline{X})\vee\theta(x,\overline{X})]$
[Case 3] $\theta(x)$ $z\theta_{1}(z, x,\overline{B})$ $\theta_{1}(z, x,\overline{B})$ $\triangle_{0}^{0}$-
$\theta_{1}(z, x,\overline{B})$
$\overline{A}$ special parameter
special parameter 2 $\overline{B}$
sequent $LK_{RCA_{0}^{-}}$
$\Gamma_{1},$ $\forall w\exists v\forall\overline{X}\forall\overline{Y}[\varphi(w, X^{-},\overline{Y})\vee\exists y\leq v\psi(y, X^{-},\overline{Y})\vee\exists z\leq v\theta_{1}(z, a,\overline{Y})]$
sequent sequent
$\Gamma_{1},\forall w\exists v\forall\overline{X}[\varphi(w,\overline{X},\overline{B})\vee\exists y\leq v\psi(y,\overline{X},\overline{B})],$ $\exists z\theta_{1}(z, a,\overline{B})$
sequent
$\Gamma_{1},$ $\forall w\exists v\forall\overline{X}[\varphi(w,\overline{X},\overline{B})\vee\exists y\leq v\psi(y,\overline{X},\overline{B})],\forall x\exists z\theta_{1}(z, x,\overline{B})$
(4) $I$ :
$\frac{\Gamma_{1},\forall w\varphi(w,\overline{A}),\exists y\psi(y,\overline{A}),\theta(t)}{\Gamma_{1},\forall w\varphi(w,\overline{A}),\exists y\psi(y,\overline{A}),\exists x\theta(x)}$
20
$\overline{A}$ special parameter.
$\theta(x)$ $\Pi_{1}^{0}$- $\theta(x)$ $\Pi_{1}^{0}$
[Case 1] $\exists x\theta(x,\overline{A})$ $\triangle_{0}^{0}$- $\exists x\leq s\theta_{0}(x,\overline{A})$ , $\exists x(x\leq s\wedge\theta_{0}(x,\overline{A}))$
$\theta_{0}(x,\overline{A})$
sequent $LK_{RCA_{0}^{-}}$
$\Gamma_{1},$ $\forall w\exists\prime U\forall\overline{X}[\varphi(w,\overline{X})\vee\exists y\leq v’\psi(y,\overline{X})\vee(t\leq s\wedge\theta_{0}(t,\overline{X}))]$
sequent sequent
$\Gamma_{1},\forall w\exists v\forall\overline{X}[\varphi(w,\overline{X})\vee\exists y\leq v\psi(y,\overline{X})\vee\exists x(x\leq s\wedge\theta_{0}(x,\overline{X}))]$
[Case 2] $\exists x\theta(x,\overline{A})$ $\Sigma$01- $\theta(x,\overline{A})$ $\triangle_{0}^{0}$-
$\theta(x,\overline{A})$ $\overline{A}$ sequent
$LK_{RCA_{O}^{-}}$
$\Gamma_{1},$ $\forall w\exists v\forall\overline{X}[\varphi(w,\overline{X})\vee\exists y\leq v\psi(y,\overline{X})\vee\theta(t,\overline{X})]$
$\exists y\leq v\psi(y,\overline{A})\vee\theta(t,\overline{A})arrow\exists y\leq\max(v, t)\psi(y,\overline{A})\vee\exists x\leq\max(v, t)\theta(x,\overline{A})$
sequent $LK_{RCA_{0}^{-}}$
$\Gamma_{1},$ $\forall w\exists v\forall\overline{X}[\varphi(w,\overline{X})\vee\exists y\leq v\psi(y,\overline{X})\vee\exists x\leq v\theta(x,\overline{X})]$
[Case 3] $\theta(x)$ $\forall z\theta_{1}(z, x,\overline{B})$ $\theta_{1}(z, x,\overline{B})$ $\triangle_{0}^{0}$-
$\theta_{1}(z, x,\overline{B})$
$\overline{A}$ special parameter
special parameter 2 $\overline{B}$
sequent $LK_{RCA_{0}^{-}}$
$\Gamma_{1},$ $\forall z\forall w\exists v\forall\overline{X}\forall\overline{Y}[\varphi(w, X^{-},\overline{Y})\vee\exists y\leq v\psi(y, X^{-},\overline{Y})\vee\theta_{1}(z, t,\overline{Y})]$
$\theta_{1}(z, t,\overline{B})$ $v$
$\overline{A}$ sequent $LK_{RCA_{0}^{-}}$
$\Gamma_{1},$ $\forall w\exists v\forall\overline{X}[\varphi(w,\overline{X},\overline{B})\vee\exists y\leq v\psi(y,\overline{X},\overline{B})],$ $\exists x\forall z\theta_{1}(z, x,\overline{B})$
(5) $I$ :
$\frac{\Gamma_{1},\forall w\varphi(w,\overline{A}),\exists y\psi(y,\overline{A}),\exists x\theta(x,\overline{A},\overline{B})\Gamma_{2},\forall w\varphi(w,\overline{A}),\exists y\psi(y,\overline{A}),\neg\exists x\theta(x,\overline{A},\overline{B})}{\Gamma_{1},\Gamma_{2},\forall w\varphi(w,\overline{A}),\exists y\psi(y,\overline{A})}$
$\theta$




$\Gamma_{1},$ $\forall w\exists u\forall\overline{X}\forall\overline{Y}[\varphi(w,\overline{X})\vee\exists y\leq u\psi(y,\overline{X})\vee\exists x\leq u\theta(x, X^{-},\overline{Y})]$ $(a)$
$\Gamma_{2},\forall w\forall x\exists v\forall\overline{X}\forall\overline{Y}[\varphi(w,\overline{X})\vee\exists y\leq v\psi(y,\overline{X})\vee\neg\theta(x, X^{-},\overline{Y})]$ $(b)$
$(b)$ sequent sequent
$\Gamma_{2},\forall x\leq u\exists v\forall\overline{X}[\varphi(w,\overline{X})\vee\exists y\leq?)’\psi(y,\overline{X})\vee\neg\theta(r_{\text{ }}, X^{-},\overline{B})]$
$\forall\overline{X}[\varphi(w,\overline{X})\vee\exists y\leq v\psi(y,\overline{X})\vee\neg\theta(x,\overline{X}_{)}\overline{B})]$ $\triangle_{0}^{0}$
sequent $B\Sigma_{1}^{0}$ sequent
$\Gamma_{2},$ $\exists z\forall x\leq n\exists v\leq z\forall\overline{X}[\varphi(w,\overline{X})\vee\exists y\leq\uparrow)\psi(y,\overline{X})\vee\neg\theta(x,\overline{X},\overline{B})]$
sequent
$\Gamma_{2},$ $\exists v\forall x\leq u\forall\overline{X}[\varphi(w,\overline{X})\vee\exists y\leq v\psi(y,\overline{X})\vee\neg\theta(x, X^{-},\overline{B})]$
sequent
$\Gamma_{2},$ $\exists v\forall\overline{X}[\varphi(w,\overline{X})\vee\exists y\leq v\psi(y,\overline{X})\vee\neg\exists x\leq u\theta(x,\overline{X},\overline{B})]\cdots(c)$
sequent
$\neg\forall\overline{X}\forall\overline{Y}[\varphi(w,\overline{X})\vee\exists y\leq u\psi(y,\overline{X})\vee\exists x\leq u\theta(x, X^{-},\overline{Y})]$,
$\neg\forall\overline{X}[\varphi(w,\overline{X})\vee\exists y\leq v\psi(y,\overline{X})\vee\neg\exists x\leq u\theta(x,\overline{X},\overline{B})]$,
$\forall\overline{X}[\varphi(w,\overline{X})\vee\exists y\leq\max(u, v)\psi(y,\overline{X})]$
sequent $(a)$ $(c)$ sequent sequent
$\Gamma_{1},$ $\Gamma_{2},$ $\exists v\forall\overline{X}[\varphi(w,\overline{X})\vee\exists y\leq v\psi(y,\overline{X})]$
(6) $I$ :
$\frac{\Gamma_{1},\forall w\varphi(w,\overline{A}),\exists y\psi(y,\overline{A}),\neg\exists x\theta(x,a,\overline{A}),\exists x\theta(x_{)}S(a),\overline{A})}{\Gamma_{1},\forall w\varphi(w,\overline{A}),\exists y\psi(y,\overline{A}),\neg\exists x\theta(x,0,\overline{A}),\exists x\theta(x,t,\overline{A})}$
$\theta$ $\Delta$8- $\overline{A}$ special parameter.
sequent $LK_{RCA_{0}^{-}}$
$\Gamma_{1},\forall w\forall x\exists v\forall\overline{X}[\varphi(w,\overline{X})\vee\exists y\leq v\psi(y,\overline{X})\vee\neg\theta(x, a,\overline{X})\vee\exists x\leq v\theta(x, S(a),\overline{X})|$
sequent sequent
$\Gamma_{1},\forall x\leq u\exists v\forall\overline{X}[\varphi(w,\overline{X})\vee\exists y\leq v\psi(y,\overline{X})\vee\neg\theta(x, a,\overline{A})\vee\exists x\leq v\theta(x, S(a),\overline{X})]$
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$\forall\overline{X}[\varphi(w,\overline{X})\vee\exists y\leq v\psi(y,\overline{X})\vee\neg\theta(x, a,\overline{X})\vee\exists x\leq\iota)\theta(x, S(a),\overline{X})]$ $\triangle_{0}^{0}$-
$B\Sigma_{1}^{0}$ sequent
$\Gamma_{1},$ $\exists v\forall x\leq u\forall\overline{X}[\varphi(w,\overline{X})\vee\exists y\leq v\psi(y,\overline{X})\vee\neg\theta(x, a,\overline{X})\vee\exists x\leq v\theta(x, S(a),\overline{X})]$
sequent
$\Gamma_{1},$ $\exists v\forall\overline{X}[\varphi(w,\overline{X})\vee\exists y\leq v\psi(y,\overline{X})\vee\neg\exists x\leq u\theta(x, a,\overline{X})\vee\exists x\leq v\theta(x, S(a),\overline{X})]\cdots(d)$
sequent
$\neg\forall\overline{X}[\neg\theta(x, 0,\overline{X})\vee\varphi(w,\overline{X})\vee\exists y\leq u\psi(y,\overline{X})\vee\exists x\leq u\theta(x, a,\overline{X})]_{\dot{0}}$
$\neg\forall\overline{X}[\varphi(w,\overline{X})\vee\exists y\leq v\psi(y,\overline{X})\vee\neg\exists x\leq u\theta(x, a,\overline{X})\vee\exists x\leq v\theta(x, S(a),\overline{X})]$ ,
$\forall\overline{X}[\neg\theta(x, 0,\overline{X})\vee\varphi(w,\overline{X})\vee\exists y\leq\max(u, v)\psi(y,\overline{X})\vee\exists x\leq v\theta(x, S(a),\overline{X})]$
sequent $(d)$ sequent sequent
$\Gamma_{1},$ $\neg\exists u\forall\overline{X}[\neg\theta(x, 0,\overline{X})\vee\varphi(w,\overline{X})\vee\exists y\leq u\psi(y,\overline{X})\vee\exists x\leq u\theta(x, a,\overline{X})]$,
$\exists v\forall\overline{X}[\neg\theta(x, 0,\overline{X})\vee\varphi(w,\overline{X})\vee\exists y\leq v\psi(y,\overline{X})\vee\exists x\leq v\theta(x, S(a),\overline{X})]$
$\exists u\forall\overline{X}[\neg\theta(x, 0,\overline{X})\vee\varphi(w,\overline{X})\vee\exists y\leq u\psi(y,\overline{X})\vee\exists x\leq u\theta(x, a,\overline{X})]$ $\Sigma_{1}^{0}$ -
sequent $\Sigma_{1}^{0}$ - sequent
$\Gamma_{1},$ $\neg\exists u\forall\overline{X}[\neg\theta(x, 0,\overline{X})\vee\varphi(w,\overline{X})\vee\exists y\leq u\psi(y,\overline{X})\vee\exists x\leq u\theta(x, 0,\overline{X})])$
$\exists v\forall\overline{X}[\neg\theta(x, 0,\overline{X})\vee\varphi(w,\overline{X})\vee\exists y\leq v\psi(y,\overline{X})\vee\exists x\leq v\theta(x, t,\overline{X})]$
$\exists u\forall\overline{X}[\neg\theta(x, 0,\overline{X})\vee\varphi(w,\overline{X})\vee\exists y\leq u\psi(y,\overline{X})\vee\exists x\leq u\theta(x, 0,\overline{X})]$
sequent
$\Gamma_{1},$ $\exists v\forall\overline{X}[\neg\theta(x, 0,\overline{X})\vee\varphi(w,\overline{X})\vee\exists y\leq v\psi(y,\overline{X})\vee\exists x\leq v\theta(x, t,\overline{X})]$
sequent sequent
$\Gamma_{1},$ $\forall w\forall x\exists v\forall\overline{X}[\neg\theta(x, 0,\overline{X})\vee\varphi(\prime w,\overline{X})\vee\exists y\leq v’\psi(y,\overline{X})\vee\exists x\leq v\theta(x, t,\overline{X})]$
5 Harrington’s conservation theorem
16 (Harrington) 1 $\sigma$ $WKL_{0}\vdash\sigma\Rightarrow RCA_{0}\vdash\sigma$
23





$\frac{\Gamma,\forall w\theta(w),\exists y\chi(y),\varphi(a)arrow\psi(a)\Gamma,\forall w\theta(w),\exists y\chi(y),\neg\forall x(\varphi(x)arrow x\in Aarrow\psi(x))}{\Gamma,\forall w\theta(w),\exists y\chi(y)}$
$\Gamma$ $\varphi(x)arrow x\in \mathcal{A}arrow\psi(x)$ $(\varphi(x)arrow x\in A)\wedge(x\in$
$Aarrow\psi(x))$ $\Gamma$ $\Sigma_{1}^{0}$- $\Pi_{1}^{0}$-
$\varphi(x)$ $\exists z\varphi_{0}(x, z),$ $\psi(x)$ $\forall v\psi_{0}(x, v)$
$\varphi_{0}(x, z)$ $\psi(x, v)_{0}$ $\triangle 8$- $\neg\forall x(\varphi(x)arrow x\in Aarrow\psi(x))$




$\Gamma,\forall w\exists u\forall X[\theta(w)\vee\exists y\leq u\chi(y)\vee\exists x\leq r\iota\exists z\leq u\exists v\leq\prime u\neg(\varphi_{0}(x, z)arrow x\in Xarrow\psi_{0}(x, v))]$
sequent
$\Gamma,$ $\forall w\exists\tau NX[\theta(w)\vee\exists y\leq u\chi(y)\vee\neg\forall x\leq\uparrow\iota(\exists z\leq u\varphi_{0}(x, z)arrow x\in Xarrow\forall v\leq u\psi_{0}(x, v))]$
$\theta(w)$ $\chi(y)$ $X$ sequent sequent
$\Gamma,\forall w\exists u[\theta(w)\vee\exists y\leq u\chi(y)\vee\neg\exists X\forall x\leq\uparrow\iota(\exists z\leq u\varphi_{0}(x, z)arrow x\in Xarrow\forall v\leq\tau\iota\psi_{0}(x, v))]$
sequent sequent
$\Gamma,$ $\forall w\theta(w),$ $\exists y\chi(y),$ $\neg\forall u\exists X\forall x\leq u(\exists z\leq u\varphi o(x, z)arrow x\in Xarrow\forall v\leq u\psi_{0}(x, v))\cdots(e)$
$I$ sequent
$\Gamma,\forall w\theta(w),$ $\exists y\chi(y),\forall x\leq u(\exists z\leq u\varphi_{0}(x, z)arrow\forall v\leq u\psi_{0}(x, v))$
sequent
$\Gamma,$ $\forall w\theta(w),$ $\exists y\chi(y),$ $\forall x\leq u(\exists z\leq u\varphi_{0}(x, z)arrow\exists z\leq u\varphi_{0}(x, z)arrow\forall v\leq u\psi_{0}(x, v))$
$\exists z\leq u\varphi_{0}(x, z)$ $\triangle_{0}^{0}$ $(\exists^{2})$
$\Gamma,$ $\forall w\theta(w),$ $\exists y\chi(y),$ $\exists X\forall x\leq u(\exists z\leq u\varphi_{0}(x, z)arrow x\in Xarrow\forall v\leq u\psi_{0}(x, v))$
sequent
$\Gamma,$ $\forall w\theta(w),$ $\exists y\chi(y),$ $\forall u\exists X\forall x\leq u(\exists z\leq u\varphi_{0}(x, z)arrow x\in Xarrow\forall v\leq u\psi_{0}(x, v))\cdots(f)$
$(e)$ $(f)$ $I$
$r,\forall w\theta(w),$ $\exists y\chi(y)$
$(\Sigma_{1}^{0}-$ SP$)^{R}$
24
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